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Abstract 
 We present an analytical model for a ceramic material (hydroxyapatite) 
containing nanometre-scale water pores, and use it to estimate the pressure at the pore as 
a function of temperature at the end of a single 0.35 µs laser pulse by Er:YAG (2.94 µm) 
and CO2 (10.6 µm) lasers. Our results suggest that the pressure at the pore is directly 
related to pore temperature, and that very high pressures can be generated simply by the 
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thermal expansion of liquid water. Since the temperature reached at the pores at the end 
of the laser pulse is a strong function of pore size for Er:YAG lasers, but is independent 
of pore size for CO2 lasers, our present results provide a possible explanation for the fact 
that the enamel threshold ablation fluences are more variable for Er:YAG lasers than for 
CO2 lasers, and suggest that experimentalists should analyse their results accounting for 
factors (like age or type of tooth) that may change the pore size distribution in their 
samples. 
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Keywords: Dental enamel; Laser ablation; Mesoscopic modelling of composites; Er:YAG 
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Introduction 
Laser ablation of composite materials is a procedure with increasing technological 
and biomedical importance; consequently, a lot of research has been devoted to 
understanding the mechanisms of ablation with the aim of developing a modelling 
capability that will guide the search for optimal laser operating parameters. The particular 
challenge in understanding the laser ablation mechanisms of composite materials is that 
the material’s inhomogeneous chemical composition and microstructure must be 
explicitly included [1].  
 We have been developing general Finite Element models of mid-infrared laser 
ablation of composite materials with nanometre/micrometer scale pore-structure, and we 
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have applied them to the specific problem of ablating human dental enamel using 
Er:YAG lasers at 2.9 µm and CO2 lasers at 10.6 µm, a technique that may have 
significant impact in the treatment of dental caries. In our previous work [2], we 
presented finite element models of human dental enamel that explicitly included water 
pores, known to exist in this material. Using these models, we performed heat transfer 
simulations and we established that the maximum temperature reached in enamel water-
pores at the end of a 0.35 µs laser pulse was significantly dependent of the pore size for 
the Er:YAG laser, but independent of pore size for the CO2 laser. Although at the time we 
did not perform simulations that would yield the stress distribution in the models, we 
postulated that the different pore temperatures would translate into differences in pore 
pressure. We concluded that, since the pore size distribution in enamel will vary greatly 
from sample to sample, the results of ablating enamel using Er:YAG lasers may be harder 
to predict and reproduce than when using CO2 lasers.  
For the work presented here we build on the previously obtained pore 
temperatures, and use an analytical pore model to estimate the pore pressure as a function 
of pore temperature at the end of the laser pulse. The results presented in the present 
paper indicate that the temperature at the pore should be directly related to the pore 
pressure and thus support the hypotheses raised by our previous results [2].  
 
Model description 
In our previous work [2], we established the relationship between the maximum 
temperature reached in a water pore and the pore size, for a single 0.35  µs laser pulse by 
Er:YAG and CO2 lasers, and we suggested that the pore pressure would be directly 
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related to the pore temperature. However, establishing a relationship between pore 
pressure and temperature is not straightforward, and it gets further complicated if the 
temperature is high enough to allow for water vaporization. In order to estimate the pore 
pressure at the end of a laser pulse, and to investigate whether water vaporization is likely 
to initiate or not before the onset of cracking, we developed and present now an analytical 
model of a single water pore in human dental enamel that builds on those previously 
obtained results. 
 This model consists of a spherical pore completely filled with water and 
surrounded by an infinite thickness of hydroxyapatite (HA), the main constituent of 
enamel. The stress-strain relationship between the specific volume (volume per unit 
mass), V, of the pore and the pressure, P, experienced at the pore is [3] 
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where V0 is the initial specific volume when the pressure at the pore is P0, ν is Poisson’s 
ratio and E is Young’s modulus for HA. In the particular system being studied, P0 is the 
atmospheric pressure (1×105 Pa), V0 (0.00100888
 
m3/kg) is the specific volume of water 
at pressure P0 and temperature 37 ºC and the material parameters for HA are ν = 0.28 [4] 
and E = 1.13 × 1011 Pa [5]. Majaron [3] demonstrated that the onset of ablation should 
occur when the pore pressure exceeds HA’s ultimate tensile strength (UTS), if we assume 
that the onset of ablation corresponds to the onset of cracking and that cracking will take 
place whenever any component of the stress tensor in HA exceeds this material’s UTS.  
On the other hand, the specific volume of water in the pore is a function of water 
temperature and pressure; this relationship can be expressed by an equation of state (EOS) 
for bulk water, since work done by Giaya, Liu, Borggreven and co-workers [6-8] strongly 
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suggests that water in HA pores as small as 30 × 30 × 30 nm3  [9] because of its accuracy 
and simplicity: 
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where 
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( )332210T 1AA Τ+Τ+Τ+= ηηη  (4) 
and 
 
( )332210T 1BB Τ+Τ+Τ+= ςςς . (5) 
Lyons obtained the values of the constantsVP0T0, A0, B0, ξi, ηi and ζi used in eqs. 2, 3, 4 
and 5 by fitting these equations to experimental measurements of temperature, pressure 
and mass volume for liquid water; the values used in this work can be found in Table 1. 
The same author established the validity of eq. 2 for temperatures in the range of 0 to 100 
ºC and pressures between 0.1 and 100 MPa; however, we compared the results of eq. 2 
with experimental data in references [10, 11], and have found that it holds well for 
temperatures up to 200 ºC and pressures up to 500 MPa. 
Using eqs. 1 and 2, we obtained the expression that relates the pressure at the pore 
with the pore temperature; we should highlight that the pressure at the pore is not a 
function of pore size, but of the temperature at the pore and the mechanical properties of 
the elastic medium surrounding the pore.  
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Analytically solving this new equation with respect to the pressure to obtain a general 
solution is not practical, so instead we used Maple 8.0 to solve it numerically using the 
material parameters for HA and the pore temperatures obtained in our previously 
published work [2], which can be found in Table 2. Because the local mechanical 
properties (E and ν) of HA may differ significantly from the available average values, we 
investigated the influence of E and ν on the results by independently varying both those 
parameters by ± 20 %, and by varying E by ± 1 and ± 2 orders of magnitude. The 
consequences of varying Poisson’s ratio more than ± 20 % were not investigated since for 
most materials ν can only take values between 0 and 0.5 and it is not likely that ν for HA 
will be close to those extreme values. 
 
Results and discussion 
 Equation 6 has non-trivial solutions in the temperature range we are interested; 
the results obtained using this equation for the pressure reached in the different-sized 
water pores are shown in Table 2. These results strongly suggest that there is a clear 
dependence between the pore pressure and pore temperature; surprisingly, they also 
indicate that very high pressures may be reached in the absence of water vaporization, 
caused solely by the thermal expansion of liquid water. Indeed, the pressures reached in 
our models are higher than the UTS for polished, fully dense HA  (1.15 × 108 Pa, [12]), 
which suggests that cracking may start when the temperature at the water pores is as low 
as 120 ºC. Because the pressure experienced at the water pores is high enough to prevent 
water vaporization from taking place, the results also suggest that water vaporization may 
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begin only after cracking of the pore walls has occurred, a hypothesis that so far has not 
been considered by other authors. 
 In order to assess the influence of the chosen values of E and ν on our results, and 
thus evaluate the level of confidence we can have in them, we solved equation 6 for the 
temperatures indicated in Table 2 and varying E and ν independently by ± 20 %. The 
values of pressure varied by 2% or less, which indicates that our results are not 
particularly sensitive to small variations in E and ν. We then varied E by ± 1 order of 
magnitude, and we found that while using E = 1×1012 Pa only caused a 5 % increase in 
pore pressure, using E = 1 × 1010 Pa caused a very significant 33% decrease in pore 
pressure. Using E = 1 × 1013 Pa caused a mere 6 % increase in pore pressure, but using E 
= 1 × 109 (2 orders of magnitude lower) caused a 81% decrease in pore pressure. This 
dependence of pore pressure on the value of E and the fact that the local mechanical 
properties of hydroxyapatite may vary significantly from the average values (of both E 
and UTS) that are available in the literature indicate that the present results should be 
interpreted cautiously from a quantitative point of view. Nevertheless, our results strongly 
suggest that the thermal expansion of liquid pore water may play a significant role in 
cracking and ablation of human dental enamel. 
 
Conclusions 
 Our present results indicate that the pressure at enamel water pores is directly 
related to the pore temperature, and that very high pressures can be reached in the 
absence of water vaporization, caused solely by the thermal expansion of liquid pore-
water. Since our previous work [2] suggests that the pore temperature reached at the end 
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of a single 0.35 µs laser pulse is a strong function of pore size for Er:YAG lasers, but is 
independent of pore size for CO2 lasers, we propose that the experimentally observed 
higher variability in the threshold enamel ablation fluences by Er:YAG lasers relative to 
CO2 lasers is a consequence of the variability in pore size that can be expected in a 
biological material like enamel. Consequently, our results indicate that researchers 
conducting ablation of any porous composite material such as enamel should take in 
consideration factors that may affect the pore size distribution in the material, in 
particular if the laser wavelength is absorbed differently by the different components of 
the material.  
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Table 1 – Parameters used for the Equation of State for water. 
B0 (N/m2) 2.71E+08 
A0 1.38E-01 
Vp0t0 (m3/kg) 1.00021195720E-03 
ξ1 (ºC-1) -6.10804506610E-05 
ξ2 (ºC-2) 8.26422147620E-06 
ξ3 (ºC-3) -6.25191522510E-08 
ξ4 (ºC-4) 3.96577772140E-10 
ξ5 (ºC-5) -1.03766115850E-12 
η1 (ºC-1) 1.83447912390E-03 
η2 (ºC-2) -3.94832209280E-05 
η3 (ºC-3) 1.32756265960E-07 
ζ1 (ºC-1) 9.43239862720E-03 
ζ2 (ºC-2) -1.43696702930E-04 
ζ3 (ºC-3) 4.56081249050E-07 
 
 
 
Table 2:  Maximum temperature and pressure at the pores for all the models (at the end of 
the laser pulse). 
 Er:YAG CO2 
Pore dimensions 
(nm3) 
Temperature 
(ºC) 
Pressure 
(Pa) 
Temperature 
(ºC) 
Pressure 
(Pa) 
30 × 30 × 30 118 1.1 × 108  
50 × 50 × 50 124 1.1 × 108  
70 × 70 × 70 134 1.3 × 108  
90 × 90 × 90 147 1.6 × 108  
110 × 110 × 110 162 1.9 × 108  
130 × 130 × 130 176 2.2 × 108  
160 1.8 × 108 
 
